Abstract. We investigate the approximation properties of Nörlund and Riesz means of trigonometric Fourier series are investigated in the subset of weighted Lebesgue space with variable exponent.
Introduction and Main results
Let T := [0; 2 ] and let p ( ) : T ! [1; 1) be a Lebesgue measurable 2 periodic function. We suppose that the considered exponent functions p ( ) satisfy the condition 1 < p := ess inf x2T p (x) ess sup x2T p (x) := p + < 1.
In addition to this requirement if there exist a positive constant c such that
jp (x) p (y)j ln (1= jx yj) c; x; y 2 T; 0 < jx yj 1=2 then we say that p ( ) 2 P 0 (T). The variable exponent Lebesgue space L p( ) (T) is de…ned as the set of all Lebesgue measurable 2 periodic functions f such that [3, 4, 5] .
For a given weight ! we de…ne the weighted variable Lebesgue space L 
and
where P n = P n m=0 p m and P 1 = p 1 := 0. In the case of p n = 1 for all n = 0; 1; 2; ::; the both of N n (f ) and R n (f ) means coincide with the Cesàro mean n (f ), de…ned as
We de…ne the modulus of smoothness as
The correctness of this de…nition follows from the boundedness of the maximal operator
, where B is any open subinterval of T (see, [7] ). So we have that
In this case there exist a positive constant c 1 (p) such that the inequality
Moreover, it can be shown that if f; g 2 L 
We de…ne the variable exponent Lipschitz class Lip
In the classical case the approximation properties of n (f ) in classical Lipschitz classes where 1 p < 1 and 0 < 1 were investigated by Quade in [8] . The Quade's results were generalized by Mohapatra and Russel [9] , Chandra [10, 11] and Leindler [12] . In [11] under the some conditions related with the sequence (p n ) R n (f ) means for Lipschitz classes in [15] . After that Guven extended this results to triangular matrix transforms in [16] . In weighted Lebesgue space with variable exponent Isra…lov and Testici were investigated the approximation properties of matrix transform of Fourier series in [18] . In the Lebesgue space with variable exponent approximation Nörlund and Riesz submethods were studied in [20] . In [21] the results obtained in [13] generalize to weighted Lorentz space for the derivatives of functions.
In this work we investigate the approximation properties of the Nörlund and Riesz means of the Fourier series in Lip
, also it is important to emphasize that obtained results in this work can be considered that generalizations of the given results in [15] .
A sequence of positive real numbers (p n ) 1 n=0 is called almost monotone increasing if there exists a constant K, depending only on the sequence (p n ) 1 n=0 such that for all n m the inequality p m Kp n holds. Almost monotone increasing sequences are denoted by (p n ) 1 n=0 2 AM IS. Along this work we will use the notations g n := g n g n+1 , m g (n; m) := g (n; m) g (n; m + 1) , and f = O (g) means that there exists some positive constant c such that f cg. Moreover c( ); c 1 ( ); c 2 ( ); :::; denote the constants (in general di¤erent in the di¤erent relations) depending in general on the parameters given in the brackets and independent of n.
Our main results are following:
n=0 be a sequence of positive real numbers such that (p n ) 1 n=0 2 AM IS and
; n = 1; 2; :::;
holds.
n=0 be a sequence of positive real numbers such that
If f 2 Lip holds.
Auxiliary results
In weighted Lebesgue space with variable exponent the approximation problems were studied using some di¤erent type modulus of smoothness in [17] , [1] , [2] . In these works the weight function ! satis…es the condition that ! p0 2 A (p( )=p0) 0 for some 1 < p 0 < p . After that under the more intelligible condition, namely ! 2 A p( ) ; the direct and inverse theorems of approximation theory in the weighted Lebesgue space with variable exponent were proved in [18] and [19] , respectively. For the formulations of the results obtained in this work we need some auxiliary results proved in [18, 19] .
Let n be the class of trigonometric polynomials of degree not exceeding n. The best approximation number of f 2 L 
1=n) p( );! ; n = 1; 2; :::;
, then there exist a positive constant c 5 (p) such that the inequality
, then the estimate
(T) and r = 1; 2; :::; Lemma 9 implies that
Thus, consecutively r times, using this inequality, we have
By Lemma 8 and (7) we obtain
; n = 1; 2; 3:::; holds.
Proof. Let Lip p( ) r ( ; !) ; r = 1; 2; :::; and let T n (n = 0; 1; 2; :::) be the best ap-
By Lemma 6 for n = 1; 2; 3:::; we obtain
; n = 1; 2; 3:::;
(1; !) ; r = 1; 2; :::; and let T n (n = 0; 1; 2; :::) be the best ap-
By Lemma 11 for = 1 and (8) we obtain
for r = 0; 1; 2; :::; and 0 < < 1.
Proof. Let r = 0; 1; 2; :::; and 0 < < 1. In the case of r = 0; Lemma 13 was proved in [12] . Similar way we can prove the other part of Lemma. Let k be integer part of n=2.
Proofs of the main results
Proof of the Theorem 3. Let 0 < < 1. Since
we have
By Lemma 11, Lemma 13 and (4) we obtain
Proof of the Theorem 4. Let f 2 Lip p( ) ! (1; !) and
By Abel transform
by Lemma 12 we get
Hence 
By (9) and (10) we have
Combining Lemma 11 for = 1 and (11) we obtain
Proof of the Theorem 6. By Abel transform,
fP m (S m (f ) (x) S m+1 (f ) (x)) + P n S n (f ) (x)g
and hence we have
Using Abel transform By (12) we have
